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1 Integration With Respect to Rough Functions

1.1 Lyons’ approach and Chen’s relation

Today, we try to solve ODEs of the form ¢ = V(y)i, where V is a C? function, and x is
a Holder continuous function, say, of exponent a. If @ > 1/2, we can study this ODE by
first making sense of integrals of the form fg V(y(0)) dz(8). We develop a strategy to deal
with such integrals when 1/3 < a < 1/2. Let’s explain the idea first.

We wish to make sense of

y(t) — y(s) = / V(y(0)) dx(0).

To make sense of the right hand side, we may try the following approximation for small
t—s:

/ V(y(6)) dz(0) ~ V(y(s)) / ax(60) +O(|t — 5°°).

—_——

jt—sfe

If we have a very fine mesh for defining our integral, then >, |t; — t;+1]?® is small only

when 2« > 1. This suggests a finer Taylor expansion of the form
t t
/ V(y(0)) dz(0) = / [V(y(s)) + DV (y(s))(y(8) — y(s))] d(8) + O(|t — s**)
= / [V(y(s)) + DV (y(s))V (y(s))(@(8) — 2(s)) dz(8)] + O(|t — s[**)

— V(y(s)) / dz(6) + DV (y(s))V (y(s)) / (£(6) — (s)) d(6)
Lot — s

To make this work, we still need to make sense of
l
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Terry Lyons’ idea in 1990 was to choose a candidate for X(s,t) = ft(x(e) —x(s))® dx(),
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and given (z(-),X(-,-)), we can make sense of integrals of the form fst V(y(9))dx(8). For
example, given (x,X), we can define

for any C? function F, with .#(x) continuous in x.

Theorem 1.1 (Lyons-Victoire). Given x € C%, there exists a function z € C* such that
2(0) =0 and

|2(t) = 2(s) = 2(s) ® (a(t) — 2(s))| < wolala]t — s|**.
Here, [.’B]a = SUDg+te[0,1] %

Here, we want to think of

so that

We also want to think of
2(t) — 2(s) — 2(s) ® ((t) — 2(s)) = X(s, ).
Let us write z(s, t) = x(t) — 2(s), so that we can write
(s, t) 1= 2(t) — 2(s) = X(s, 1) + 2(s) @ 2(s, 1)

From s < u <t = z(s,u) + z(u,t) = 2(s,t), we learn that X(s,¢) must satisfy the
following formula, known as Chen’s relation:

X(s,u) + X(u, t) = X(s,t) + [2(s) @ x(s,t) — 2(s) @ z(s,u) — z(u) ® z(u, t)]
Using z(s,t) = z(s,u) + z(s,t), we get
= X(s,t) + z(s,u) ® x(u,t).

We can now define

[(:U()v X(-, '))]a = [-T]a + sup ‘X_(& tQ)l .
s#tefor [t — s




Remark 1.1 (Geometric Rough Path). Roughly, %/ = x'4/. Then
24 =2 + it = — ().
dt
If the product rule applies, we expect
29(s,t) 4+ 29 (s, t) = 2 ()2? (t) — 2'(s)2? (s).

In general, this may not be true. For example, It0 calculus is not geometric, while
Stratonovich calculus is geometric.

1.2 Convergence of the integral

Theorem 1.2 (Lyons). Let (z,X) be as above (Chen’s relation + [(z,X)]o < 00), and let
F € C?. Then we can define

= /0 F(X) - dx = lim Z[F(l‘(tl)) . a?(ti,tzqu) + DF($(ti))*X(t7ti+1)],
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where m = {0 < t; < --- <t, <t} and |r| = max; |tix1 — t;|. Moreover,

/F - dx — (F(x(s)) - 2(s,t) + DF(2(5))" X(s, 1)) | < ()| Fllez[(z, X)Jalt = s|**.
A(s)

Proof. Take a partition 7 = {s < tg < -+ < tp_1 < tp, < t = tp41}. Pick some i, and
compare Z(m) with Z(m — {t;}):

A(m) — Z(m —{ti}) = Fla(ti-1))z(tio1, ti) + F(z(t:))z (i, tiya)
+ Ati—1) X (i1, t:) + A(t:) X (L, tig1)
= F(x(ti-1))x(ti—1, tiv1) + A(ti-1) X(ti-1, tit1)
= y(ti—1, ts)x(ti tigr) + A(ti—1, t) X (Ei, tigr)
— A(ti—1)z(tio1,t;) @ x(ts, tig1)
= [y(ti—1, )@t tivr) — A(ti—1)x(tiz1, ti) @ 2t titr)]
+ Ati-1,t:) X (ti, tiv1)-

So we may estimate the error as

(% (m)| = |[y(ti—1, ti)(ti, tivr) — Ati—1)z(tiz1,t:) @ 2(tis tivr)] + A(tio1, 6) X (ti, tiy1)]
< |\F||c2|75i+1 — ]2 [2]2 4 || F lle2|tivn — tima [P Flle2 [X]2a



Choose i so that |ti;1 — t;i| < 2(t —s)/n,

|t — s|3a

3a
2.

%(ﬂ') —%(71’ — {tz}) < Co
Do this inductively to obtain
| % (1) — Z(2)| < colt — 5|3

From our proof, we can also deduce that Z(m) converges as || — 0.
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